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POISSON STRUCTURES ON TWISTOR SPACES OF HYPERKA¨HLER
AND HKT MANIFOLDS
GUEO GRANTCHAROV, LISANDRA HERNANDEZ-VAZQUEZ
Abstract. We characterize HKT structures in terms of a nondegenrate complex Poisson
bivector on a hypercomplex manifold. We extend the characterization to the twistor space.
After considering the flat case in detail, we show that the twistor space of a hyperka¨hler
manifold admits a holomorphic Poisson structure. We briefly mention the relation to quater-
nionic and hypercomlex deformations on tori and K3 surfaces.
1. Introduction
HKT structures (an abreviation from hyperka¨hler with torsion) were first introduced
in String Theory (see [16]) as the structures induced on the target manifolds of (4, 0)-
supersymmetric sigma models with Wess-Zumino term. From a mathematical viewpoint,
compact HKT manifolds share many properties with the Ka¨hler ones. They have local po-
tential functions [1, 10] and well defined Hodge theory [23], which for spaces with SL(n,H)-
holonomy, leads to a characterization in dimension eight similar to the topological charac-
terization of Ka¨hler compact complex surfaces [12]. On a hypercomplex manifold M , an
HKT structure is given by a real positive (2, 0)-form Ω, which is ∂ closed. This also has a
description in terms of a ∂-closed 2-form on its twistor space [1, 10]. As is well known, when
Ω is closed, the structure is hyperka¨hler and Ω is holomorphic symplectic. A characterization
of a hyperka¨hler structure from a twistor space perspective is given in [13] in terms of the
existence of a twisted holomorphic 2-form that is nondegenerate on each fiber of the twistor
projection.
It is known that holomorphic symplectic forms are dual to holomorphic Poisson bivectors of
maximal rank. Holomorphic Poisson structures have been studied from different perspectives.
Recently, the interest in such structures is growing due to their connection to generalized
complex geometry. One purpose of this note is to find characterizations of HKT structures
on hypercomplex manifolds and their twistor spaces in terms of Poisson structures.
To this end, we need the notion of complex Poisson structures. Lichnerowicz has intro-
duced complex Poisson structures in [18]. However, the definition in [18] is more restrictive
than the one we need. We collect the necessary facts about complex Poisson structures in
Section 2. They are straightforward analogs of the properties of the real Poisson structures.
We note in particular that a nondegenerate complex Poisson structure is dual to a ∂-closed
nondegenerate (2, 0) form. A direct consequence is the characterization in Section 3 of an
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HKT structure in terms of a complex Poisson one. Since a characterization in terms of
twistor spaces is given in [1, 10], we formulate a similar existence result for complex Poisson
structures on the twistor spaces of HKT manifolds. We also provide an explicit form for the
complex Poisson structures which arise in this way on SU(3) and SU(5). In this way we see
that there is 1-parameter family of invariant HKT structures on SU(3) and they are related
to the holomorphic symplectic form on the nilpotent orbit of the highest root in SL(3,C).
The complex Poisson structure on SU(5) is a sum of one on some embedded SU(3) and one
on SU(5)/SU(3). In Section 4, we consider in detail the flat case using local coordinates.
In particular, we observe that the twistor space has many commuting holomorphic vector
fields, so there are also many holomorphic Poisson structures. Moreover, the complex Pois-
son structure found in Section 3 is also holomorphic. In the Section 5 we prove that this
structure is holomorphic on the twistor space of any (possibly curved) hyperka¨hler manifold.
Intuitively, this follows from the fact that the holomorphic structure on the twistor space,
which is determined by the Chern connection, depends on the Levi-Civita connection on the
hyperka¨hler base, but not on its curvature. This is not true for general twistor spaces. In the
last section we mention the relation of this holomorphic Poisson structure to the quaternionic
and hypercomplex deformations in the case of K3 surfaces and tori, following [14]. In both
cases the infinitesimal deformations we describe lead to actual deformations.
Acknowledgements: We are grateful to D.Kaledin, M.Verbitsky and Y.S.Poon for their
comments and interest in this work.
2. Complex Poisson structures and complex symplectic forms
Although Poisson structures on complex and almost complex manifolds have been intro-
duced earlier in [18, 5], we need slightly different terminology, adapted to our purposes. A
complex Poisson structure is a bivector P on a (almost) complex manifold of type (2, 0), such
that [P,P ] = 0. This definition is useful when the manifold is complex and implicit in [19].
In this note, this definition will be applied in the hypercomplex case. Note that it is weaker
than the one given by Lichnerovicz [18] since it doesn’t imply that the real and imaginary
part of P commute: [ReP, ImP ] 6= 0.
Let M be a complex manifold and T p,q,Λp,q the spaces of (p, q)-vectors and (p, q)-
forms, respectively. Then ∂ = d + idc, ∂ = d − idc are the standard operators defined
by ∂|Λp,q = πp+1,q ◦ d for the projection πp+1,q : Λp+q+1 → Λp+1,q. We have the following
simple observation, similar to the real case:
Lemma 2.1. If P is a (2, 0) bivector on a complex manifold, given by P =
1
2
P ij
∂
∂zi
∧ ∂
∂zj
in local complex chart (z1, z2, ...zn), then for i < j < k
[P,P ](dzi, dzj , dzk) = 2
(
P ih∂hP
jk + P jh∂hP
ki + P kh∂hP
ij
)
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Proof. A direct calculation, similar to the real case gives
[P,P ] =
[
1
2
P ij
∂
∂zi
∧ ∂
∂zj
,
1
2
P kl
∂
∂zk
∧ ∂
∂zl
]
=
1
4
([
P ij
∂
∂zi
, P kl
∂
∂zk
]
∧ ∂
∂zj
∧ ∂
∂zl
−
[
P ij
∂
∂zi
,
∂
∂zl
]
∧ ∂
∂zj
∧
(
P kl
∂
∂zk
))
− 1
4
([
∂
∂zj
, P kl
∂
∂zk
]
∧
(
P ij
∂
∂zi
)
∧ ∂
∂zl
+
[
∂
∂zj
,
∂
∂zl
]
∧
(
P ij
∂
∂zi
)
∧
(
P kl
∂
∂zk
))
=
1
4
(
−P ij ∂P
kl
∂zi
∂
∂zj
∧ ∂
∂zk
∧ ∂
∂zl
+ P ij
∂P kl
∂zj
∂
∂zi
∧ ∂
∂zk
∧ ∂
∂zl
− P kl∂P
ij
∂zk
∂
∂zl
∧ ∂
∂zi
∧ ∂
∂zj
)
+
1
4
(
P kl
∂P ij
∂zl
∂
∂zk
∧ ∂
∂zi
∧ ∂
∂zj
)
= 2
(
P ih∂hP
jk + P jh∂hP
ki + P kh∂h · P ij
) ∂
∂zi
∧ ∂
∂zj
∧ ∂
∂zk
where in the last line we use i < j < k. From here the Lemma follows. 
As in the real case, P defines a linear map P : Λ1,0 → T 1,0 from the space of (1, 0)- forms
to the space of (1, 0) vectors at each point. For each complex valued function f , denote by
P (df) = P (∂f) = Xf its Hamiltonian vector field. Then {f, g} := Xf (g) = −Xg(f) defines
a bracket operation on complex functions, just like in the real case. From Lemma 2.1, it
satisfies the Jacobi identity (or equivalently [Xf ,Xg] = X{f,g} ) iff P is (complex) Poisson.
Note that for f and g holomorphic , {f, g} is not necessarily holomorphic, so there is no
analog of the notion of ”symplectic foliation” in this case. The bracket {f, g} is holomorphic
only when the functions P ij are holomorphic and P is called holomorphic Poisson in this
case. As is well known, a holomorphic Poisson structure defines a holomorphic symplectic
foliation.
Suppose now that the complex (2, 0) bivector P is of maximal rank at each point. Then
P : Λ1,0 → T 1,0 is invertible and ω = P−1 : T 1,0 → Λ1,0 defines a (2, 0) form via
ω(P (∂f), P (∂g)) = P (∂f, ∂g). Once more similar to the real case, we have:
Lemma 2.2. For nondegenerate complex Poison structure P and ω = P−1 as above
∂ω(Xf ,Xg,Xh) =
3
2
[P,P ](df, dg, dh)
Proof.
dω(Xf , Xg, Xh) = Xf (ω(Xg, Xh)) +Xg(ω(Xh,Xf )) +Xh(ω(Xf ,Xg))
− ω([Xf ,Xg],Xh)− ω([Xg,Xh],Xf )− ω([Xh,Xf ],Xg)
= Xf ({g, h}) +Xg({h, f}) +Xh({f, g}) + [Xf ,Xg](h) + [Xg,Xh](f) + [Xh,Xf ](g)
= 3 ({f, {g, h}} + {g.{h, f}} + {h, {f, g}})
SinceXf ,Xg,Xh are (1,0) vectors, dω(Xf ,Xg,Xh) = ∂ω(Xf ,Xg,Xh). Now applying Lemma
3.1 we have
[P,P ](dzi, dzj , dzk) = 2 ({zi, {zj , zk}} + {zj , {zk, zi}} + {zk, {zi, zj}})
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So
dω(Xzi ,Xzj ,Xzk) =
3
2
[P,P ](dzi, dzj , dzk)
and the statement follows. 
From here we obtain:
Theorem 2.3. A complex non-degenerate (2, 0) bivector is Poisson iff its dual 2-form ω =
P−1 is ∂-closed, that is, ∂ω = 0.
3. Poisson structures on HKT manifolds and their twistor space
We begin by establishing some notations in the presence of a metric. Suppose g is a Rie-
mannian metric and I a complex structure on a manifold M such that ω(X,Y ) = g(IX, Y )
is the fundamental form. Let ♯ : T ∗ → T be the isomorphism given by g(♯α, Y ) = α(Y ) and
denote by ω and ω−1 the maps ω : T → T ∗ and ω−1 : T ∗ → T given as ω(ω−1(α), Y ) = α(Y )
and ω(X) = iXω. Then ω(ω
−1) = Id|T ∗ , ω−1(ω) = Id|T . Thus α(Y ) = ω(ω−1(α), Y ) =
g(Iω−1(α), Y ) = g(♯α, Y ), and ω−1 = −I ◦ ♯. Extending I on T ∗ in a standard way,
ω−1 = ♯ ◦ I. The map ω−1 defines a bivector ω−1 ∈ Λ2T as ω−1(α, β) = β(ω−1(α)) and it is
the same as the map defined by the Poisson bivector P above.
Recall that a hypercomplex structure is a triple I, J,K of complex structures satisfying
the quaternionic identities IJ = −JI = K. Let I, J,K, g be a hyperhermitian structure and
ωI , ωJ , ωK be the corresponding 2-forms. From above
♯ = Iω−1I = Jω
−1
J = Kω
−1
K
and from here
Iω−1J = ω
−1
K
We want to consider the ”complexified” version of the Poisson and symplectic structures on
a Hermitian manifold. Let Ω = ωJ + iωK and denote by Ω : T
1,0 → T ∗(1,0) the map given by
Ω(X1,0) = iX1,0Ω. Since Ω|T 0,1 = 0, it can be extended to a map on the whole complexified
tangent space. We want to find the real and imaginary parts of Ω−1|Λ1,0 . First we calculate
ωJω
−1
K via ωJω
−1
K (α)(Y ) = −JKα(Y ) = −Iα(Y ). We see that ωJω−1K = −ωKω−1J . Then
we have (ωJ + iωK)(ω
−1
J − iω−1K )(α) = 2α + 2iIα = 2α1,0. Thus, on Λ1,0 we have Ω−1 =
1
4(ω
−1
J − iω−1K ) and ω−1J − iω−1K |Λ0,1 = 0, so the complex bivector P given by
(1) P (∂f, ∂g) = Ω(Ω−1(∂f),Ω−1(∂g))
satisfies P = 14(ω
−1
J − iω−1K ), where ∂ is the operator defined by I.
A hyperhermitian metric g is called HKT if dcIωI = d
c
JωJ = d
c
KωK where d
c
I , d
c
j , d
c
K are the
imaginary parts of the ∂ operators for I, J,K. The definition is equivalent to the existence of
a hyperhermitian connection with skew-symmetric torsion, which is the original one proposed
by [16]. In [10], it is shown that the HKT condition is equivalent to:
∂(ωJ + iωK) = ∂Ω = 0
As a direct consequence of Theorem 2.3 we obtain:
Theorem 3.1. Let (M, I, J,K, g) be a hyperhermitian manifold and P as in (1). Then g is
HKT iff P is complex Poisson.
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Let Z = M × S2 be endowed with the ”tautological” complex structure J defined as
I(x,a) = (Ia, IS2) where for a = (a, b, c), Ia = aI + bJ + cK. In these terms, IS2 is the
canonical complex structure on S2 ∼= CP 1. It is well known that the structure I is integrable
and the complex manifold (Z,I) is called the twistor space of (M, I, J,K). The identification
of S2 with CP 1 is given by the stereographic projection:
St : λ→ a =
( |λ|2 − 1
1 + |λ|2 ,
i(λ− λ)
1 + |λ|2 ,
−(λ+ λ)
1 + |λ|2
)
∈ S2.
If λ corresponds to a = (a, b, c) via the inverse map λ = St−1(a, b, c), then λ =∞ corresponds
to I(1,0,0) = I, λ = i corresponds to I(0,1,0) = J , and λ = −1 corresponds to I(0,0,1) = K.
Remark 3.2. The integrability of I is equivalent to the fact that any structure Ia in the
S2-family aI + bJ + cK, for a = (a, b, c) ∈ S2, is integrable. Moreover for a hyperhermitian
metric g, Ia is Hermitian. Therefore, instead of using I, J,K in Theorem 3.1 we may as well
use Ia, Ib, Ic for a,b, c an orthonormal triple in S
2 with c = a× b.
Suppose now that g is a hyperhermitian metric on M and (Z1,W1, Z2,W2, ..., Zn,Wn) is a
unitary basis of the space T 1,0x (M) of (1, 0)-vectors for the structure I at a point x such that
J(Zi) = Wi, J(Wi) = −Zi. We call such basis quaternionic - Hermitian. For the structure
Ia via the stereographic projection, the vectors:
Zλi =
1√
1 + |λ|2 (λZi −Wi),W
λ
i =
1√
1 + |λ|2 (λWi + Zi)
form a unitary basis for (g, Ia). Let (δi, σi), i = 1, ..., n be the dual quaternionic-Hermitian
basis of the cotangent (1, 0)-bundle at x of (Zλi ,W
λ
i ). Then it is is given by
σλi =
1√
1 + |λ|2 (λσi − δi), δ
λ
i =
1√
1 + |λ|2 (λδi + σi)
In these terms we have that Fa = aFI+bFJ+cFK is also given by Fa = i/2
∑
(σλi ∧σλi +δλi ∧δλi )
and the dual 2-vector is given by Pa = −2i
∑
(Zλi ∧ Zλi +W λi ∧W λi ). We want to calculate
the (2, 0)-part PI |(2,0)a of
PI = −2i
∑
(Zi ∧ Zi +Wi ∧Wi)
with respect to Ia. First, we see that
Zi =
1√
1 + |λ|2 (λZ
λ
i +W
λ
i ),Wi =
1√
1 + |λ|2 (λW
λ
i − Zλi )
and similar expressions hold for the conjugates Zi,Wi.
Now we have
PI =
−2i
1 + |λ|2
∑
(λZλi +W
λ
i ) ∧ (λZλi +W λi ) + (λW λi − Zλi ) ∧ (λW λi − Zλi )
=
−2i
1 + |λ|2
∑
(|λ|2 − 1)(Zλi ∧ Zλi +W λi ∧W λi ) + 2λZλi ∧W λi − 2λZλi ∧W λi
So
PI |(2,0)a = −4iλ
1 + |λ|2Z
λ
i ∧W λi
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We can also consider b = 1
1+|λ|2 (i(λ−λ), 1+ 12(λ2+λ
2
), i2(λ
2−λ2)) and c = 1
1+|λ|2 (−(λ+
λ), i2(λ
2 − λ2),−1 + 12 (λ2 + λ
2
)) and notice that Fb + iFc =
∑
i σ
λ
i ∧ δλi as well as c = a× b
with b orthogonal to a. Specifically, the matrix A = (a,b, c) is a special orthogonal matrix
whose inverse is its transpose. Then for the corresponding structures Ib and Ia we can find
that Pb + iPc =
∑
Zλi ∧W λi . Thus we have the following:
(2) PI |(2,0)a = −4iλ
1 + |λ|2 (Pb + iPc)
Denote also by π : Z → S2 and π1 : Z →M the two projections - π is holomorphic , but
π1 is not. Let also sa : M → Z be the section of π defined as sa(x) = (x,a) for every x.
Then we can formulate the following:
Theorem 3.3. Let g be a hyperhermitian metric on M and PI be the bivector dual to the
fundamental form for I. Let P(x,a) = ((sa)∗PI)(2,0) be the bivector on Z defined as the (2, 0)
component of (sa)∗(PI) with respect to I. Then g is HKT iff P is complex Poisson.
Proof: First we notice that
((sa)∗P )(2,0) = ((sa)∗(PI |(2,0)a )
where PI |(2,0)a is as above the (2, 0) part of PI with respect to Ia. This follows from the
definition of I at a point (x,a). From (2) we have PI |(2,0)a = −4iλ1+|λ|2 (Pb + iPc). Then
Theorem 3.1 and Remark 3.2 give that [Pb+ iPc, Pb+ iPc] = 0 iff g is HKT. We notice that
[(sa)∗P |(2,0)a , (sa)∗P |(2,0)a ] = (sa)∗[P |(2,0)a , P |(2,0)a ]. Therefore, the theorem follows because
−4iλ
1+|λ|2 6= 0 for almost all a, and by continuity [P,P] vanishes everywhere.
Q.E.D.
Remark 3.4. The statement is dual to the characterization of the HKT structure by Banos
and Swann ([1]) in terms of the twistor space: If F is the fundamental form for the Hermitian
structure (g, I) then g is HKT iff ∂(π∗F )(2,0) = 0 where ∂ is the operator with respect to I on
Z. Banos and Swann used it to prove that every HKT structure has a local HKT-potential.
In [10], there was a slightly different twistor characterization of the HKT condition, which
is based the characterization of the hyperka¨hler structures in [13].
Examples. We explicitly describe the complex Poisson structures on the groups SU(3)
and SU(5) corresponding to the HKT structures for the Joyce’s invariant hypercomplex
structures.
For a compact Lie group which is a product of a simple group and a torus of appropriate
dimension, the construction is given in [22] and [17]. It could be extended to some homoge-
neous spaces as well. Recently it was proven in [6] that all invariant hypercomplex structures
arise in this way, and in [2] it was proven under the additional restriction of compatibility
with the bi-invariant metric. We present here a short description following [6]. For a com-
pact Lie algebra g with semisimple part g, fix a Cartan subalgebra h of gC. Choose a set of
positive roots R and a basis Π of R. The following definition is from [6]:
Definition 3.5. For any γ ∈ R define
Φγ = {α ∈ R|γ − α ∈ R}.
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A subset Γ ⊂ R is called a stem of R if
R = Γ ∪
⋃
γ∈Γ
Φγ
as disjoint union.
The sets Φγ define a maximal strongly orthogonal set of root subsystems of R. The
hypercomplex structure is defined in the following way. Let Γ = (θ1, θ2, ..., θn) with θ1 being
the highest root. First the complex structure I acts as +i on the positive roots and as −i
on the negative roots. The Cartan subalgebra h, possibly enhanced by an abelian ideal in g,
is divided in two: the space H = Span(Hθi) and orthogonal complement H
⊥ = Span(H⊥i )
of the same dimension. Then I interchanges Hθi and H
⊥
i . For any positive root α ∈ Φk and
appropriate choice of H⊥k , the structure J acts as J(Hθk − iH⊥k ) = E−θk and J(Eθk−α) =
cα,θkE−α for some constant cα. We also normalize the root vectors and the elements of the
Cartan subalgebra according to the Killing form. We explicitly describe the construction in
the case where gC = sl(2n+ 1,C), n = 1, 2.
If Ei,j are the matrices with entry 1 at the (i, j)-th place, then [Ei,j, Ej,k] = Ei,k =
−[Ej,k, Ei,j] and all other brackets vanish. For n = 1, there is only one element θ1 in the
stem and Hθ1 = i(E1,1−E3,3) up to a constant. Choose H⊥1 = ia(E1,1+E3,3− 2E2,2) so the
structure I is defined as
I(Ei,j) = iEi,j, i < j
I(Ei,j) = −iEi,j , i > j
I(ia(E1,1 + E3,3 − 2E2,2)) = i(E1,1 − E3,3)
Here for compatibility with the biinvariant metric we should take a = 1√
3
so that all vectors
will have length
√
2. For b = 1 + ia we have: I(bE1,1 − bE3,3 − (b − b)E2,2) = i((bE1,1 −
bE3,3 − (b− b)E2,2). Note that
[(bE1,1 − bE3,3 − (b− b)E2,2) ∧E1,3, E1,2 ∧ E2,3] = 2E1,2 ∧ E1,3 ∧ E2,3
and
[E1,2 ∧ E2,3, E1,2 ∧ E2,3] = −2E1,2 ∧ E1,3 ∧ E2,3
A unitary basis of vectors of length 2 in the biinvariant metric is (i/
√
3(E1,1+E3,3−2E2,2)+
(E1,1 − E3,3), 2Ei,j). If we define J(i/
√
3(E1,1 + E3,3 − 2E2,2) + (E1,1 − E3,3)) = 2E3,1 and
J(E1,2) = E3,2 the complex bivector P is given by,
2P = (bE1,1 − bE3,3 − (b− b)E2,2) ∧ E1,3 + 2E1,2 ∧ E2,3
where b = 1 + i√
3
. From the calculation above,
[P,P ] = 0
is valid for every b = 1 + ia. In particular, we obtain a 1-parameter family of left invariant
HKT structures. One element of this family is given by the biinvariant metric and a = 1√
3
.
When a = 0 and b = 1 the structure is not complex Poisson, but has another interpre-
tation. If we consider the complex Lie group SL(3,C) then Ei,j, i 6= j and Ei,i − Ej,j are
holomorphic vector fields on it with respect to its canonical complex structure. From the
same calculations it follows that P = (E1,1−E3,3)∧E1,3+2E1,2∧E2,3 is a holomorphic Pois-
son bivector on SL(3,C). Its symplectic foliation has leaves with tangent spaces spanned by
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(E1,1−E3,3), E1,3, E1,2, E2,3, Moreover, the leaf at E1,3 could be identified with the nilpotent
orbit of E1,3. On this leaf, P is dual to the canonical holomorphic symplectic form defined
by the Killing form on it.
The expression for SU(5) is similar. Use the basis (see [6]) {Ei,j , i 6= j,Hθ1 = i(E1,1 −
E5,5),Hθ2 = i(E2,2 −E4,4),H⊥1 = ia(E1,1 +E5,5− 2E3,3),H⊥2 = ia(E2,2 +E4,4− 2E3,3)} and
define the structures I and J in the same way. Let
P1 = (bE1,1 − bE5,5 − (b− b)E3,3) ∧ E1,5 + 2E1,2 ∧E2,5 + 2E1,3 ∧ E3,5 + 2E1,4 ∧ E4,5
and
P2 = (bE2,2 − bE4,4 − (b− b)E3,3) ∧E2,4 + 2E2,3 ∧ E3,4
Straightforward calculations give [P1.P1] = [P2, P2] = [P1, P2] = 0, so P = P1+P2 provides
a non-degenerate complex Poisson bivector and hence an HKT structure on SU(5). Also, P2
is the complex Poisson structure on SU(3) ”centrally” embedded in SU(5) from above, while
P1 corresponds to the HKT structure induced on the homogeneous space SU(5)/SU(3).
4. Poisson structures on the twistor space of a flat hyperka¨hler space
In this section we consider in detail the flat hyperka¨hler case and see that the resulting
structure on the twistor space is holomorphic Poisson. This is due to the fact that the twistor
space has many commuting holomorphic vector fields. We use the set up and notations from
[11]. Choose linear coordinates (za1 , z
a
2 ), a = 1, . . . ,m, for C
2m = R4m, related to the real
coordinates by
za1 = x2a−1 + ix2a, z
a
2 = y2a−1 + iy2a
The twistor space Z = Z(R4m) of R4m is the bundle C2m ⊗ O(1) on CP 1 [3, Example
13.64 and Example 13.66]. On CP 1, the homogeneous coordinates are given as [λ1, λ2] and
on the open Ui given by λi 6= 0, i=1,2, hence we have local coordinates λ = λ1λ2 and λ˜ =
λ2
λ1
respectively.
On R4m × U2, the product coordinates {za1 , za2 , λ} are not holomorphic. The holomorphic
coordinates are
(3) wa1 = λz
a
1 − za2, wa2 = λza2 + za1, ζ = λ.
The inverse coordinate change is
(4) za1 =
1
1 + |ζ|2
(
ζwa1 + w
a
2
)
, za2 =
1
1 + |ζ|2
(−wa1 + ζwa2) , λ = ζ.
In particular,
(5)
∂
∂wa1
=
λ
1 + |λ|2
∂
∂za1
− 1
1 + |λ|2
∂
∂za2
,
∂
∂wa2
=
λ
1 + |λ|2
∂
∂za2
+
1
1 + |λ|2
∂
∂za1
are local holomorphic vector fields on Z defined whenever λ 6=∞. We notice also that
(6)
∂
∂ζ
=
∑
a
(
− z
a
2
(1 + |λ|2)2 (
∂
∂za1
+ λ
∂
∂za2
)− z
a
1
(1 + |λ|2)2 (
∂
∂za2
− λ ∂
∂za1
)
)
+
∂
∂λ
Then ∂
∂λ
= ∂
∂ζ
+
∑
e
(
za2
∂
∂wa
2
+ za1
∂
∂wa
1
)
and we see that ∂
∂λ
is a smooth (1, 0)-vector field but
not holomorphic on Z.
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When one changes coordinates from λ2 6= 0 to λ1 6= 0, λw˜aj = waj . Therefore,
(7) V aj =
1
λ2
∂
∂waj
=
1
λ1
∂
∂w˜aj
are globally defined as vector fields on R4m × {C2 − (0, 0)}. The vector fields on Z
(8) W ak =
1
2
(
Ik
∂
∂x2a−1
− iIaIk ∂
∂x2a−1
)
.
are well defined at a point (x,a) ∈ Z. These vector fields can also be identified as
W a0 = λ1V
a
1 + λ2V
a
2 , W
a
1 = i(λ1V
a
1 − λ2V a2 ),
W a2 = λ1V
a
2 − λ2V a1 , W a3 = i(λ1V a2 + λ2V a1 ).(9)
Clearly, W ai are global holomorphic vector fields on Z which also commute. In particular
if W = span{W ak }, then any nonzero element in Λ2(W ) is a holomorphic Poisson structure
on Z. In particular one can see that
λ21
∑
V a1 ∧ V a2 , λ1λ2
∑
V a1 ∧ V a2 , λ22
∑
V a1 ∧ V a2
define holomorphic Poisson structures on Z. Moreover we see that the bivector P from
Theorem 3.3 is given by P = λ1λ2
∑
V a1 ∧V a2 . Finally we notice that all vector and bivector
fields descend to the quotients of R4m by a commutative lattice induced by translations. So
they are globally defined also on the torus and its twistor space. As a result of this discussion
we obtain:
Theorem 4.1. Let M = T 4m be endowed with its flat hyperka¨hler structure and P = P(x,a)
be the bivector defined in (2) on its twistor space Z. Then P, 1
λ
P, λP are globally defined
holomorphic Poisson structures on Z.
In the next section we partially extend this result to the twistor space of arbitrary hy-
perka¨hler manifolds.
5. Holomorphic Poisson structures on twistor spaces of hyperka¨hler
manifolds
Unlike the complex case, ”quaternionic” coordinates like (wai ) exist only in the flat case.
However, the 2-vector P is a global complex Poisson structure and doesn’t depend on ex-
istence of such coordinates. To check whether it is holomorphic we can use the Chern
connection defined as the only metric connection for which the (0, 1) part coincides with
the ∂ operator on the tangent space. For a Hermitian manifold with metric g and complex
structure J , this connection is determined by
g(∇ChX Y,Z) = g(∇LCX Y,Z)−
1
2
dF (JX, Y, Z)
where ∇LC is the Levi-Civita connection and F (X,Y ) = g(JX, Y ) is the fundamental form.
In general, dF for the twistor space contains the component of the curvature of the base
manifold M . However, in the hyperka¨hler case it does not, so one expects that the flat
and the general curved case will not be different. We confirm this observation with explicit
calculations.
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Theorem 5.1. If M is hyperka¨hler, then P is a holomorphic Poisson structure which van-
ishes on the two fibers of π : Z → CP 1 corresponding to I and −I or λ = 0,∞. The leaves
of the symplectic foliation are given by the fibers of π : Z−{π−1(0,∞)} → CP 1−{0,∞} and
the points of π−1(0) and π−1(∞). The converse also holds: if g is a hyperhermitian metric
on M and P is holomorphic Poisson on Z = Z(M), then g is hyperka¨hler.
Proof: Endow the twistor space Z = M × CP 1 with the product metric gZ = (g, gFS)
where gFS is the canonical (Fubini-Studi) metric on CP
1 = S2. Then (gZ ,I) is a Hermitian
structure and we have to show that ∇0,1X P = 0 for every (0, 1) vector X0,1 on Z. Consider
as before a local quaternionic-hermitian frame Zi,Wi on M . The local frame
Zλi =
1√
1 + |λ|2 (λZi −Wi),W
λ
i =
1√
1 + |λ|2 (λWi + Zi),
∂
∂λ
consists of smooth (1, 0) vectors on Z which which is orthogonal, but not orthonormal because
∂
∂λ
is not normalized. Then P =∑i Zλi ∧W λi . We use for X0,1 the vectors of the conjugate
(0, 1) basis of the basis above. We first check that ∇Ch∂
∂λ
P = 0. To this end we use that
∇Ch
X0,1
Y 1,0 = [X0,1, Y 1,0]1,0 where superscript {1, 0} means the (1, 0)-component and same
for {0, 1}. From here we have also that ∇Ch
X0,1
Y 1,0 ∧ Z1,0 = [X0,1, Y 1,0]1,0 ∧ Z1,0 + Y 1,0 ∧
[X0,1, Z1,0]1,0 = [X0,1, Y 1,0 ∧ Z1,0]2,0. Since Z =M × CP 1 as a smooth manifold, [ ∂
∂λ
, Zi] =
[ ∂
∂λ
,Wj ] = 0 and we obtain
(10)
[
∂
∂λ
,Zλi
]
=
1
(1 + |λ|2)2
(
Zi + λWi
)
=
1
1 + |λ|2W
λ
i
as well as
(11)
[
∂
∂λ
,W λi
]
= − 1
1 + |λ|2Z
λ
i
and
(12)
[
∂
∂λ
,P
]
= − 1
1 + |λ|2 (Z
λ
i ∧ Zλi +W λi ∧W λi )
So
(13) ∇Ch∂
∂λ
P = 0
Now for the other vectors we need to use the definition and the fact that
∑
Zi∧Wi,
∑
Zi∧
Zi +Wi ∧Wi are parallel with respect to the Levi-Civita connection on Z, since they are
parallel on M and the metric on Z is the direct product of the metric on M and the Fubini-
Studi metric. In particular
(14) ∇LC
Z
λ
i
P = ∇LC
W
λ
j
P = 0
since Zλi is a linear combination of Zi,Wj , ZI ,Wi and P is a linear combination of
∑
Zi ∧
Wi,
∑
Zi ∧ Zi +Wi ∧Wi with coefficients depending only on λ.
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The difference between the Chern and Levi-Civita connection is proportional to the dif-
ferential of Fλ =
∑
σλi ∧ σλi + δλi ∧ δλi . We use again that
d
∑
(σi ∧ σi + δi ∧ δi) = d
∑
σi ∧ δi = d
∑
σi ∧ δi = 0
to obtain
dFλ =
2dλ
(1 + |λ|2)2 ∧
(
λ
∑
(σi ∧ σi + δi ∧ δi)− σi ∧ δi − λ2
∑
σi ∧ δi
)
+
+
2dλ
(1 + |λ|2)2 ∧
(
λ
∑
(σi ∧ σi + δi ∧ δi) + λ2
∑
σi ∧ δi +
∑
σi ∧ δi
)
and after substitution we get
(15) dFλ =
2dλ
1 + |λ|2
(∑
σλi ∧ δλi
)
− 2dλ
1 + |λ|2
(∑
σλi ∧ δλi
)
From here we see that
(16) g(∇Ch
Z
λ
i
W λj −∇LCZλi W
λ
j ,X) = 0
and similarly for W λi . Hence
(17) ∇Ch
Z
λ
i
P = ∇Ch
W
λ
j
P = 0
which proves that P is holomorphic. It is of maximal rank on all points of Z except π−1(0)
and π−1(∞), so the Theorem follows.
Q.E.D.
Remark 5.2. In the the local basis Zi = Xi−iIXi,Wi = JXi−iKXi, the local vector fields
from (8) given as W ik =
1
2(IkXi − iIaIkXi) again are well defined for all a ∈ S2 so 1λP, λP
also can be expressed viaW ik. As a consequence we obtain that they are also globally defined
and holomorphic Poisson as in Theorem 4.1.One can see this family also by changing the
fixed I to another structure of the hypercomplex family in the definition of P.
In [13] the twistor space Z of a hyperka¨hler manifold is characterized in terms of the real
structure on Z and the twisted holomorphic symplectic form on the fibers of π. A similar
characterization could be found in terms of the holomorphic Poisson structure P above. We
leave the details of this discussion and some applications as future work.
6. Relations to hypercomplex and quaternionic deformations
In this section we relate the holomorphic Poisson structure P on twistor spaces to defor-
matios of hypercomplex and quaternionic structures in the case of a torus and K3-surface.
Deformations of hypercomplex structures are described in terms of their twistor spaces in
[20]. Let Z = X×S2 be the twistor space of the hypercomplex manifold X with its structure
I and holomorphic projection π : Z → S2. Then π defines an exact sequence
(18) 0 −→ D −→ Θ dπ−→ ΘCP 1 −→ 0
where D = Ker(dπ). There is also an anti-holomorphic involution τ : Z → Z which covers
the anti-podal map ρ on S2 i.e. π ◦ τ = ρ ◦ π.
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As explained in [20], deformations of hypercomplex structures are identified to defor-
mations of the real map π. The latter are described by the cohomology spaces Hk(Z,D)
[15]. The real part of these spaces contains the deformation of the hypercomplex structures,
where ”real” in these terms refers to the fixed point of the involution τ . More precisely,
k = 0 corresponds to the Lie algebra of infinitesimal hypercomplex automorphisms, k = 1
corresponds to the infinitesimal deformations of the hypercomplex structure and k = 2 is
the space of obstructions to extending an infinitesimal deformation to an actual one. Since
there is also a correspondence between quaternionic structures and the complex structures
on the twistor space [21], the real part of the cohomology spaces Hk(Z,ΘZ) contains the
deformation theory of the quaternionic structures.
When ω is (1, 1)-form on Z, P(ω), given by the natural contraction, is a 1-form with
coefficients in the tangent sheaf. Since P is holomorphic, this contraction defines a map
P : H(1,1)(Z,R)→ H1(Z,ΘZ). In our case, however, P doesn’t have terms depending on ∂∂λ
so it maps H(1,1)(Z,R) into H1(Z,D), although this map may have a non-trivial kernel. For
the hypercomplex deformations, we need ”real” elements of H1(Z,D). Since ρ(a) = −a, P
is real, meaning that dτ(P) = P. Similarly, the reality condition holds for the quaternionic
deformations.
The main question is the integrability of such infinitesimal deformations. The first result
in this direction is due to Bogomolov [4], who proved the integrability of the infinitesimal
complex deformations on a Ka¨hler holomorphic symplectic manifoldM . It has been extended
in various ways, one of which is for holomorphic Ka¨hler Poisson manifolds by Goto ([9]).
Based on Bogomolov’s method, Hitchin [14] extended Goto’s result to the non-ka¨hler case,
but still satisfying an additional condition - either ∂∂-lemma, or vanishing of H2(M,O) = 0.
Later the condition was relaxed in [8] to surjectivity of the natural map p : H2(M,R) →
H2(M,O), but in fact the proof in [14] covers this case too, since it only uses the following:
for every ∂-closed (0, 2)-form α, there is (1, 1)-form β, such that ∂α = ∂β. As it is proved
in [7], the Fro¨licher spectral sequence of the twistor space of a K3-surface degenerates at E1
level, so the map p : H2(M,R)→ H2(M,O) is surjective. In particular, we have,
Corollary 6.1. If M is a K3-surface and π1 : Z → M is the twistor space and ω ∈
H(1,1)(Z,R) is represented by τ -invariant form, then P(ω) integrates to a complex deforma-
tion of Z, which induces quaternionic deformation on M
The definition of P depends on the choice of a fixed complex structure I. Note that by
changing I we obtain a 3-dimensional family of real holomorphic Poisson bivectors on Z. It
is the real part of the family generated by the bivectors in Theorem 4.1. On the other side
the space
H−(M) = {[ω] ∈ H2(M,R)|ω(IX, IY ) = ω(JX, JY ) = ω(X,Y )
is mapped intoH(1,1)(Z,R) via π∗1 . Now, a naive dimension count suggests that the dimension
of quaternionic deformations obtained in this way is at most 3(b2(M)−3), which is the same
as the dimension of the space of twistor lines in the period domain of M . To assert that
every twistor line is obtained in this way, however, one also needs P to be injective.
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In the case of tori, we can explicitly determine the image P(H(1,1)(Z,R)) and its relations
to the deformations. Following [11] define
(19) Ω
a
1 =
λ1dz
a
1 − λ2dza2
|λ1|2 + |λ2|2 , Ω
a
2 =
λ1dz
a
2 + λ2dz
a
1
|λ1|2 + |λ2|2 .
Then {λ1Ωa1, λ2Ωa1, λ1Ωa2, λ2Ωa2} forms a basis for the space H1(Z,O). Using the notation
from Section 4 and results from [11] (see the discussion after Lemma 3), the elements
λ1−ℓ1 λ
ℓ
2V
a
i ⊗ Ωbj, with 0 ≤ ℓ ≤ 1, 1 ≤ i, j ≤ 2, 1 ≤ a, b ≤ m form a basis for H1(Z,D).
Also the induced cohomology sequence of the complex 18 has the first coboundary map δ0
injective. So the sequence:
(20) 0→ H0(Z, p∗O(2))→ H1(Z,D)→ H1(Z,ΘZ)→ 0.
is exact and H0(Z, p∗O(2)) is 3-dimensional. From [11] we know that every real element
in H1(Z,D) is tangent to an actual deformation inducing a hypercomplex deformation.
Moreover, every real element of H1(Z,ΘZ) defines a quaternionic deformation and every
quaternionic deformation of the canonical hypercomplex structure leads to a hypercomplex
structure. Also, for every hypercomplex deformation parameter, there is a 3-dimensional
hypercomplex deformation within one quaternionic class. Since dim(H1(Z,D) = 12m2 when
the torus has dimension 4m, the local deformation space for hypercomplex deformations is
12m2-dimensional and the quaternionic deformations have dimension 12m2−3. On the other
hand, H−(T 4m) has dimension 2m2 +m and we have the following:
Theorem 6.2. If π1 : Z → T 4m is the twistor space of the 4m-tori, then the map P :
π∗1(H−)→ H1(Z,D) is injective for every choice of P in the 3-dimensional family.
Proof: We first note that the contraction P(ω) can be considered as a map from the
tangent bundle to itself given by the composition T
ω→ T ∗ P→ T and is determined by:
X ∧ Y (α ∧ β) = α(Y )β ⊗X − α(X)β ⊗ Y − β(X)⊗ Y + β(Y )α⊗X
When P =∑a ∂∂wa
1
∧ ∂
∂wa
2
we obtain
P(dza1 ∧ dzb1) =
λ1
|λ1|2 + |λ2|2V
a
2 ⊗ dzb1 +
λ2
|λ1|2 + |λ2|2V
b
1 ⊗ dza1
P(dza1 ∧ dzb2) =
λ1
|λ1|2 + |λ2|2V
a
2 ⊗ dzb2 +
λ2
|λ1|2 + |λ2|2V
b
2 ⊗ dza1
P(dza2 ∧ dzb1) = −
λ1
|λ1|2 + |λ2|2V
a
1 ⊗ dzb1 +
λ2
|λ1|2 + |λ2|2V
b
2 ⊗ dza2
P(dza2 ∧ dzb2) =
λ1
|λ1|2 + |λ2|2V
a
1 ⊗ dzb2 +
λ2
|λ1|2 + |λ2|2V
b
2 ⊗ dza2
Now we notice that H−(T 4m) is spanned by dza1∧dzb1+dza2∧dzb2, dza1∧dzb2−dza2∧dzb1, dza2∧
dzb1 − dza1 ∧ dzb2. From the definition of Ω
a
i and the calculations above we obtain
P(dza1 ∧ dzb1 + dza2 ∧ dzb2) = V a2 ⊗ Ωb1 + V b1 ⊗ Ωa2
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P(dza1 ∧ dzb2 − dza2 ∧ dzb1) = V a2 ⊗ Ωb2 + V b2 ⊗ Ωa2
P(dza2 ∧ dzb1 − dza1 ∧ dzb2) = −V a1 ⊗ Ωb1 − V b1 ⊗ Ωa1
From here the Theorem follows.
Q.E.D.
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